MLC School

2016 TRIAL EXAMINATION

MATHEMATICS EXTENSION 2

Reading time 5 minutes

Writing time 3 hours

General Instructions:
o Write using black or blue pen
e Board approved calculators may be used
e A formulae booklet is provided

Total Marks 100

Section 1: 10 marks

Attempt all questions.

Write in blue or black pen.

Answer on the multiple choice answer sheet provided.
Allow approximately 15 minutes for this section.

Section 2: 90 marks

e Attempt all questions.

e Answer Section 2 on the writing booklets provided. Show all relevant mathematical
reasoning and/or calculations.

e Allow about 2 hours and 45 minutes for this section.



Section 1
10 marks (Allow about 15 minutes)

Use the multiple Choice answer sheet for questions 1 - 10.

1. Which of the following is an expression for Ix3 Inxdx?
1 1 1 1
A —x‘Inx——x*+¢ B —x'Inx——x*+¢
4 4 4
1 1 1 1
C —x*Inx+—x*+c¢ D —x‘Inx+—x*+c¢
4 16 4
: i : dy .
2. Given y =sin (e ), an expression for — is:
dx
A cosecy B cot y
C sec y D tan y
3. Which of the following is the locus of the point P representing the complex number z

moving on an Argand diagram, such that |z — 2i| =2+Imz?

A a circle B a hyperbola
C a parabola D a straight line
x2 2
4. The eccentricity of the ellipse " + ky " =1, k>1isequal to
A V2k-1 B 1
; e
c 2k-1 b V2K =2k +1



2 2

The equations of the directrices of the hyperbola 1);—4 — ;—5 =1 are:

13 13

= —

A XY=L B X725
. o
13 13

The gradient of the curve x”y—xy’ +6 =0 at the point P(2,3) is equal to:

A -5 B2
8

o0 | \©

If 1+ is one root of the equation z* —z +(1—i) = 0, what is the value of the other root?
A 1-i B -

C ) D 1+1

The horizontal base of a solid is the circle x* + y* =1. Each cross section taken

perpendicular to the x - axis is a triangle with one side in the base of the solid.
The length of this triangle side is equal to the altitude of the triangle through the
opposite vertex. Which of the following is an expression for the volume of the solid?

1 1

A %J(l—xz)dx B [(1-x)x

-1 -1

C %l(l—xz)dx D 2j1(1—x2)dx



2 2
The diagram below shows the hyperbola x_z — y_2

. =1 where a > b>0. The points

P(asec,btanf) and Q(aseca,btana) lie on the hyperbola and the chord PQ
subtends a right angle at the origin.

Q
(0] X
P
Which of the following is correct?
a’ a’
A. sinesinocz——2 B sin@sinoc:—2
b b
a’ a’
C ‘[ane‘canOL:——2 D tanetanocz—2
b b



10.  The graphsof y= f(x) and y = g(x) are shown below.

y=f(x)
y=g(x)

i 4

} _1 l[\
4_,j1 : x’
x=-1

Which of the following best describes the relationship between f(x) and g(x)?

A fx)=gx) B g(x)=In[f(x)]
C  f(x)=xln|g(x) D g(x)=+//(x)

End of Section 1



Section 2
90 Marks (Allow about 2 hours and 45 minutes)

Answer each question in a SEPARATE writing booklet. Extra writing booklets are available.
Show all working and reasoning.

Question 11 (15 marks) Use a SEPARATE writing booklet.

(a) Suppose that c is a real number and that z = ¢ —i. Express each of the following
in the form x +iy where x and y are real numbers.

M ()
i)

(b)  Onan Argand diagram, shade the region specified by both Re(z) <4 and
|z—4+5i <3.

(c) (1) Prove by induction that (c0s6?+ isin 9)n =cosnf+isinnd for neZ".

(ii)  Given w= \/g — 1, express w in modulus argument form.

(iii) Hence express w’ in the form x + iy where x and y are real numbers.

Question 11 continues on page 7



Question 11 (continued)

(d)  The diagram below shows the locus of point z in the complex plane such that

arg(z—-3)—arg(z+1)= %

This locus is part of a circle. The angle between the chord from (-1,0) to z and the
chord from (3,0) to zis @, as shown.

(i)  Explain why 6= g

(ii)  Find the centre of the circle.

End of Question 11



Question 12 (15 marks) Use a SEPARATE writing booklet.

2 2

(a)  Atangent to the ellipse f—6 + % =1 is drawn at point P(4co0s0,3sin0).

Perpendiculars are drawn from each focus of the ellipse to meet the tangent
at Q and R as shown in the diagram.

S!

xcose+ ysin® 1
4 3

(i) Prove that the equation of the tangent at P is

(ii)  Showthat QS x RS'=9

Question 12 continues on page 9



Question 12 (continued)

(b)  Inthe diagram below, TP is the tangent of the circle at P, and TQ is a secant
cutting the circle at R. SQ is a chord of the circle such that PX and SY are
perpendicular to SQ and PQ respectively.

(1) Prove that Z/TRP = ZTPQ

(ii)  Explain why SPYX is a cyclic quadrilateral and state the diameter of
the circle.

(i) Prove ZPYX = /PRQ

(o) () Show that the polynomial equation 4x’ +20x”> —23x+6=0 hasa
double root.

(ii)  Hence find the value of each root.

End of Question 12



Question 13 (15 marks)  Use a SEPARATE writing booklet.

(a)  Consider the curve x’ + )’ = 4xy. Use implicit differentiation to find

d
an expression for _y.
dx

Sxdx
b Find | ——
(b) sz +3x+6

1 ¢ log x
(c) Use the substitution x = — to evaluate .[ &
u
1

(d)  Theequation x’ + px+5=0 hasroots a, B and vy.

(1) Find in terms of p, o + B> +7y°
(i)  Show that a’f*+p*y’ +y’a’ = p’

(iii)  Find the cubic polynomial with integer coefficients, whose roots are
o B ox
Py vo oP

End of Question 13

10



Question 14 (15 marks) Use a SEPARATE writing booKlet.

(a) (i) Show that sinx + sin5x = 2sin3xcos 2x

(ii)  Hence or otherwise, find all solutions of sinx +sin5x =0
for o<x<2m.

(iii) Find J. sin3xcos2xdx
0

(b)  The hyperbola % 16x* —9y” =144 has foci S(5,0) and S(-5,0) and directrices

x=— andx:—g.
5 5

(1) Find the equation of each asymptote of #.

(ii)  Show that the tangent to 7 at the point P(3sec#,4tan ), has equation
4x =(3sinf)y +12cosb.

(iii) Qs the point of intersection of the tangent to 7 at P and the nearer
. . . T .
directrix. Given that 0<8 < 5 show that Q has y - coordinate

12-20cos ¥
5sinf

(iv)  Show that ZPSQ is aright angle.

End of Question 14

Question 15 (15 marks) Use a SEPARATE writing booklet.
11



and the x - axis between

(a) The region bounded by the curve y =

2
X -

x =2 and x =4 is rotated through one revolution about the line x =2.

AV

0.4+

0.2+

(i) Use the method of cylindrical shells to show that the volume, V, of the

4
solid formed is given by V = an xz— 21 dx.

X

(ii)  Hence find the exact value of Vin simplest form.

(b)  The sequence of numbers 4 , where n=1,2,3...., is defined by the following:
A =0,4,=1and 4 =(n-1)(4,_+4,,) for n>3.

(="

; for n>1

Use mathematical induction to show that An = n!z
k=0

Question 15 continues on page 13
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(c)  The diagram below shows the graph of y = f(x). The curve has a minimum

turning point at (—1,%) .

» =

y=f(x)

e e

On separate diagrams, sketch the following curves showing any important features.
M y=r(x-1)

(i)  y=Inf(x)

1
(iii) y= 0
(iv) y=f"(x)

End of question 15
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Question 16 (15 marks) Use a SEPARATE writing booKlet.

(a)

(b)

(c)

2 2
The points T(ZZ,;) and R(2r,—) lie on the rectangular hyperbola xy = 4.
r

(i)

(ii)

(i)

(ii)

(iii)

Find the midpoint M of TR.

L.

It is known that TR is tangent to the parabola x = > y=p.

Find the locus of M.

Using the property Jf(x) dx = j f(a—x)dx for a>0, or otherwise,

show that J‘\/x(l xX)dx =—

Given / —j\/_a %)?dx, n=0,1,2,..., show that I = 231#2 forn > 2,
n

1 s
Hence evaluate I\/;(l —x)%dx.
0

The frustrum shown below is obtained by cutting the top of a right circular
cone. The top and bottom of the frustrum are circles with radii r cm and R cm
respectively. The height of the frustrum is h cm. Use the method of slices to

h
show that the volume of the frustrum is %(Rz + Rr+ rz)cm

3

(Hint: turn the frustrum on its side)

End of Paper
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